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dw

/=! /
The last boundary condition representing the vanishing of the
circumferential strain was proposed by Reissner8 and
Gradowczyk.9

It is interesting to note that if we put a = b, and Kx = Ky = K
the solution coincides exactly with that obtained by Gradowczyk9

for a clamped spherical dome with curvature K. Further in the
limiting case as Kx and Ky tend to zero we obtain

limit W=q1(l-f2)2/4 = ql(l-x2/a2-y2/b2)2/4 (30)
Kx,Ky-+0

which is the exact expression for the bending of a clamped,
uniformly loaded elliptic plate.
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Note on Boundary Layer in a Dusty Gas
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Introduction

S^ROULL1 has observed that adding dust to air flowing in
urbulent motion through a pipe appreciably reduces the

resistance coefficient. Saffman2 discussed in detail the stability of
laminar flow of a dusty gas. Michael3'4 has investigated the
plane parallel flow of a dusty gas. It is supposed that the dust
particles are uniform in size and shape, so that the stability of the
flow is conserved. This Note initiates boundary-layer theory for a
dusty gas past an infinite plate in the primary stages of the
motion (Rayleigh's Case). We have discussed the effect on the
boundary layer of the potential flow of a gas in presence of dust
particles. The density of the dust material is allowed to be large
compared with the gas density, so that the mass concentration
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of the dust / is small. The expression for local skin friction due
to the dusty gas has been deduced and has been compared with
that for the case of a clean gas. It is seen that the effect of dust
reduces the local skin friction. This reduction tends to diminish
as t increases. However, this analysis is valid only at the initial
stage of a boundary-layer development, as in the case of Lord
Rayleigh.

Formulation of Equations and Solutions
Let the velocity and number density of the dust particles be

described by the fields v(x, t) and N(x,t). Assuming that the
particles of the dust are small enough to make the Stokes law
of resistance between the dust particles and gas appropriate, the
equations of motion become

. kN
+ —(v-u) (1)

du 1
— + (u-V)u = --
dt

r
dt

-v)

div u = 0
dN
— + div A/v = 0
dt

(2)

(3)

(4)

In these equations, u and v are the velocities of the gas and
dust particles, respectively, k being the Stokes resistance coeffi-
cient which, for spherical particles of radius a, is^ifrrc/xa, ju the
viscosity of the gas, p the density of the gas, p the gas pressure,
and i = m/k the relaxation time of the dust particles where m is
the mass of the dust particles.

In the present case, we have assumed that the dust is uniformly
distributed in the gas and the motion is induced by the potential
flow MOO(X, t) = U(x). Let u = u(y, t)x, v = v(y, t)x, and Eq. (4) is
satisfied with N = N0 (a constant) throughout the motion.
Equation (3) is identically satisfied. And it remains to solve Eqs.
(1) and (2), which can be written as

du/dt = v(d2u/dy2) + (kNJp) (v - u) (5)
i(dv/dt) = u-v (6)

We shall work in terms of the dimensionless time variable
I = t/i and the dimensionless length y — y/(vr)1/2, in which case
the equations become (dropping bars)

du/dt = (d2u/dy2) + f(v - u) (7)
dv/dt = u-v (8)

where/ = N0m/p is the mass concentration of dust.
Let us express u and v as follows:

u = u0 + fui + f2u2+ * • • (9)
v = v0+fvl+f2v2 + ~- (10)

The first and second approximations of relations (9) and (10) are
taken, respectively, as u = um v = v0 (first approximation);
u = u0+fui, v = v0+fvl (second approximation). Taking the
first approximation, Eqs. (7) and (8) become

dujdt = d2ujdy* • (11)
dvjdt = u0-v0 (12)

with the boundary conditions
y = 0, u0 = 0; y = oo, u0 = U(x)

and initial conditions t — 0, u0 = 0, v0 = 0.
We shall now try to solve Eqs. (11) and (12) with the help

of the abovementioned boundary and initial conditions. The
solution of Eq. (11) is

2

Where

u0(x,y,t)= U(x)--

1 =

A l / 2 fJ o
(13)

with the help of Eq. (13), Eq. (12) becomes
dv0 _ 2 j j f
~aT + v°~ (Tr\U2uW (14)
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Solution of Eq. (14) is
2 r r e * - , i )el\ \ e "2dr] \dt\e

Jo I Jo J J
(15)

which satisfies the initial condition v0 = 0 for t = 0. It is seen
that, as r\ — > oo, we obtain

v0=U(x)[l-e~^ (16)
This shows how the velocity of the dust particles differs with
the potential velocity U(x) of the fluid in the mainstream. With
the passage of time this difference diminishes and as the motion
stabilizes, v0 -> U(x) as t -> oo.

Taking the second approximation, Eqs. (7) and (8) become
dul/dt = (d2u1/dy2) + (v0-u0) (17)

and
+ t>! = M! (18)

By similarity transformation 77 = y/2(r)1/2 Eq. (17) becomes
(d2

Ul/dri2) + 2n(dUlldn} = F(x, n, t) (19)
where

Ng^w solution of Eq. (19) is

"i =

when
,7 = 0, M! =0 /. C2 = 0

Since at */ = oo, i^ = 0, then Cj is given by the relation

= -—U(x)te~
7T

0-12

where Ci is given by relation (20).
Solution of Eq. (18) is given by

v1 = e~

(20)

(21)

(22)

Modifications of the velocity profiles of u and v are given by
Eqs. (21) and (22), respectively.

Local Skin Friction
If TD(X) is the local skin friction for a dusty gas, then

nU(x)
1/2(Tit)

(23)
When / is small, the effect of dust particles is to increase the
effective density of the gas. The viscosity remains nearly un-
affected, though the kinematic viscosity is reduced by the factor
!/(!+/). These increases in density and the reduction of
kinematic viscosity results are credited to P. G. Saffman.2 If
TO(X) be the local skin friction for the corresponding clean gas
then

TO(X) - fj.U(x)/(nt) il2 (24)

(25)
From Eq. (25) it is seen that if / is nonzero the ratio
[TD(*)AO(X)] < 1. Thus, the dust particles reduce the local skin
friction. This reduction diminishes as / diminishes and as t
increases TD(X) -> TO(X). However, all these analyses are valid (as in
Rayleigh's case) in the initial development of the motion.
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Influence of Viscosity on the Stability
of a Cylindrical Jet

J. N. ANNO*
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IN a previous Note,1 Rayleigh's famous result2 for the condi-
tions of instability of an inviscid cylindrical jet was derived

by considering an integral form of the conservation of
mechanical energy. Given in this present Note is an extension
of the integral method to an analysis of the conditions for
instability of a viscous cylindrical jet. The result obtained is
identical to that obtained by Weber3 in 1931, but the derivation
is believed to be more general. Specifically,- it is "not necessary
to assume a jet at rest, nor to explicitly invoke the Navier-Stokes
equations.

For a viscous fluid, an energy balance for any closed,
stationary control volume of volume V and surface area S can
be written as

+ —-puiuidV+

RdV (1)

where R is the viscous energy dissipation, given by
U = (M/2)(iiIJ+iiw)(iiiJ+iijfI.) (2)

In this notation itj is the stress tensor, ut is the velocity
component in the ith direction, nj is the projection of the outward
unit normal to the surface in the jth direction, p is the fluid
density, /i is the fluid viscosity and, as conventional in tensor
notation, repeated indices indicate summation over all co-
ordinates. A comma within a subscript denotes differentiation
with respect to the coordinate following it.
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Fig. 1 Geometry of the cylindrical jet.
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